Dang 2: Biéu dién cung lwong gidc trén dwong tron lwgng gidc. Hé thirc Chasles
Dé biéu dién cung luong gidc ¢ sb do trén dudng tron lugng giac ta thuc hién nhu sau:
e Chon diém A(1;0) lam diém dau cua cung.

e Xac dinh diém cudi M cua cung sao cho AM =«
Luuy:

e S4 do cua cac cung lwong giac c6 cung diém dau va diém cudi sai khac nhau mot boi cua 27

la:
SAAM =a + k27, k el
e Ngoai ra, ta ciing c6 thé viét s6 do bang do:
SAAM = x° + k360°,k €[]
e NéutacO AM=a+ kz—ﬂ;k,neD thi s& ¢6 N diém ngon.
n
Hé thirc Chasles: Véi ba tia Ou,Ov,0Ow bat ki thi ta co:
sd (Ou,0v)+sd (Ov,0w) = sd (Ou,Ow) +k.360° (k el])
e Tirdé taco thé suy ra: sd(Ou,Ov)=sd(Ou,0w)—sd(Ov,0w)+k.360° (kell)

BAI TAP TU LUAN

g R , & 1 2D
Bai tap 1: Bi€u dién trén duong tron lugng gidc di€ém ngon cua cung luong giac cé so do la Tﬂ
Loi giai
Yy
B
M

xr

A’ (0] A
Bf

Ta c6: ShAM =25—7T=

2247rz
4 4 4 4

+6r=24231
4

A 1R - , x g fr 3:A , T Y ;
Vay di€m cudéi M cua cung AM s@ trung voi di€ém ngon cla cung R Suyra M la diém chinh
gitra cia cung nho AB.
Bai tip 2:Bicu dién trén duong tron lrong giac cac diém ngon cua cung lwgng gidc ¢6 s6 do 1a —1485°
Loi giai

Ta c6 SAAB =-1485° = —45° + (—4) .360°

Vay diém cudi M cua cung AB s€ trung voi di€ém ngon cua cung —45°.



Y

) &

A’ O A

M

BF

Suyra M 14 diém chinh giita ctia cung nhé AB'.

Bai tap 3: Biéu dién trén dudng tron lugng gidc cac diém ngon cia cung luong giac ¢6 s6 do 1a:
T T
—+k=:kel
6 2
Loi giai

~ 2 2 .
Ta c6 SNHAM = % + kf nén c6 4 di€ém ngon trén duong tron luong giac.

Véi k= 0= SIAM =% ¢6 diém ngon 3 M

Véi k=1= siAN =%+% ¢6 diém ngon 1a N

Vi k=2:>SﬁAP=%+7r ¢6 diém ngon 1a P

Véi k=3:»sﬁAQ:%+37” c6 diém ngon I3 Q

Véi k:4:>SﬁAR=%+27r c6 diém ngon 13 R.

Luc nay diém ngon R trung véi M
Vay boén diém M, N,P,Q tao thianh mot hinh vudng ndi tiép duong tron lugng giac

Bai tap 4: Biéu dién trén duong tron lwong giac cac diém ngon ciia cung lwgng giac co sd do 1a
V4
k=:kel
3
Loi giai
fa 2r . -2 A \ \ g
Ta c6 SNAM = k? nén c6 6 di€ém ngon trén dudng tron lugng giac.

Véi k=0=sIAM =0 c6 diém ngon la M



Véi k=1= siAN =% c6 diém ngon 1a N

Véi k=2:>SﬁAP=2§ ¢6 diém ngon 1a P

Véi k=3=siAQ =7 co diém ngon 1a Q

Véi k:4:>sﬁAR=4?ﬂ c¢6 diém ngon 1a R

Véi k=5= SﬁAS:%[ c6 diém ngon 1a S

V6i k=6=SAAT =27 co diemngon la T
Luc nay diém ngon T tring voi M. Vay sau diém M;N;P;Q;R;S tao thanh mot luc gidc déu
noi tiép dudng tron lrong giac.

Bai tip 5: Xac dinh s6 do cua cac goc lwong gidc duge biéu dién trong mdi hinh dudi day.

Y t

a) xAy =102° b) Bt = %
Loi gidi
S6 do cua goc lugng gide (Ax, Ay) trong hinh a) bang: 102" +360 =462".

2r

S6 do cua goc lugng gidc (Bt,Bz) trong hinh b) bing —% -22r=— c

Bai tip 6: Thuc hién cac yéu cau sau:
a) Hay tim s6 do « cua goc luong giac (Oa, Ob) ,v6i 0< a < 27 . Biét mot goc lugng giac ciing

. . Z. ;& . 257
tia dau Oa va tia cuoi Ob c6 s0 do 1a T

b) Hay tim s6 do a° ciia goc luong giac (Om,0n), véi 0<a<360. Biét mot goc lugng gidc
cung tia ddu Om va tia cudi On ¢6 sé do 1a —875°.

Loi gidi
a) S6 do « cua cac goc lugng giac bét ki ¢6 cliing tia ddu Oa va tia cudi Ob sai khac nhau mot
bdi nguyén clia 27 nén c6 dang 1a a = 25%—1— k2z(kel).

Taco 0<a <27 suyra —Zs—ﬂﬁk2ﬂ<27r—25—” suy ra ——Sk<—E.
6 6 12 12



Vi k el] nén k=-2. Vay a=25T”+(—2).27z=%.

b) S6 do a° cua cac goc luong gidc c6 cing tia ddu Om va tia cudi On sai khac nhau mot boi
nguyén ciia 360" nén c6 dang la a°=-875°+k360°(k €L1).

Ta co 0<a <360 suyra 875<k360<360+875 suy ra %Sk<% vi kell nén k=3.

Vay a°=-875°+3.360° = 205°.

BAI TAP TRAC NGHIEM

PHAN I. Cau tric nghiém nhiéu phwong an Iwa chon. M&i cau héi thi sinh chi chon mét phwong

an.

Cau 1:

Cau 2:

Cau 3:

Cau 4:

Khang dinh nao sau day 1a ding khi noi vé " dwong tron dinh hwéng" ?
A. Mbi dudng tron 1a mot duong tron dinh hudng.
B. MG&i duong tron da chon mot diém 1a gdc déu 1a mot dudng tron dinh hudng.
C. Mbi duong tron d chon mot chiéu chuyén dong va mot diém 1a gbc déu 1a mot duong tron
dinh hudng.
D. Méi dudng tron trén d6 ta da chon mot chidu chuyén dong goi 1a chiéu duong va chiéu nguoc
lai duoc goi la chiéu am 1a mot duong tron dinh hudng.

Loi giai
M&i dudng tron trén d6 ta di chon mot chiéu chuyén dong goi 1a chiéu duong va chiéu nguoc lai
duoc goi la chiéu am 12 mot duong tron dinh hudng.

Quy udc chon chiéu duong ctia mot duong tron dinh hudng 1a:
A. Ludn cung chiéu quay kim dong ho.
B. Ludn nguoc chiéu quay kim dong ho.
C. CO thé cung chiéu quay kim dong hdé ma ciing c6 thé 1a nguoc chiéu quay kim dong hé.
D. Khong cung chiéu quay kim dong hd va ciing khéng ngugc chiéu quay kim déng hd.
Loi giai
Ludn nguoc chiéu quay kim dong hd.

Trén dudng tron dinh huéng, mdi cung luong gidc AB xac dinh:
A. Mot goc lugng giac tia ddu OA, tia cudi OB.
B. Hai goc luong giac tia ddu OA, tia cudi OB .
C. Bén goc lugng giac tia dau OA, tia cudi OB.
D. Vo6 s6 goc lugng giac tia dau OA, tia cubi OB.
Loi giai
V6 s6 goc lugng giac tia ddu OA, tia cubi OB.
Khing dinh nao sau day la ding khi noi vé "géc hrgng giac"?
A. Trén duong tron tdam O ban kinh R =1, goc hinh hoc AOB 1a goc lugng giac.
B. Trén duong tron tim O ban kinh R =1, goc hinh hoc AOB c6 phéan biét diém dau A va diém
cudi B 1a goc luong giac.
C. Trén duong tron dinh hudng, goc hinh hoc AOB la goc lugng giac.
D. Trén dudng tron dinh huéng, goc hinh hoc AOB c6 phan biét diém dau A va diém cudi B
la goc lugng giac.



Cau 5:

Cau 6:

Cau 8:

Cau 9:

Loi giai
Trén dudng tron dinh hudng, goc hinh hoc AOB ¢6 phan biét diém ddu A va diém cudi B Ia
goc lugng giac.

Khiang dinh nao sau day 1a dang khi néi vé " dwong tron lweng giac"?
A. Mbi duodng tron 1 mot duong tron lugng giac.
B. Mbi duong tron c6 ban kinh R =1 1a mot dudng tron luong giac.
C. Mbi dudng tron c6 ban kinh R =1, tdm trung véi goc toa do 1a mot dudng tron lugng gidc.
D. Mbi dudng tron dinh hudng c¢6 ban kinh R =1, tdm trung véi gbe toa do 1a mot dudng tron
lugng giac.

Loi giai
M&i duong tron dinh huéng cé ban kinh R =1, tdm trang véi goc toa do 1a mot dudng tron
luong gidc.

Cho géc lugng gide (Ox,Oy)=22°30'+k360°. Véi gid tri k bing bao nhiéu thi géc
(Ox,0y) =1822°30"?
A ke@. B. k =3. C. k=-5. D. k =5.

Loi gii
Theo dé (Ox,Oy) =1822°30" =22°30"+ k.360° =1822°30' = k =5.
Mot chiéc dong hd, c6 kim chi gio OG chi sé 9 va kim phut OP chi s612. Sé do ctia goc lwgng
gidc (OG,OP) la

A. %+k27z, kel . B. —270° + k360°, k (1.
0 0 97
C. 270° +k360°, k e[ . D.B+k27r,ke[|.
Loi giai

.1 . 1
Goc lugng gidc (OG,0P) chiém " duong tron. SO do 1a Z.Zﬂ' +k2z, kell.

Trén duong tron luong gide co diém gbc 1a A. Piém M thudc dudng tron sao cho cung luong

iac AM ¢6 sb do 45°. Goi N la diém d6i xtmg véi M qua truc Ox, sd do cung luong giac
g

AN béng
A. — 45°, B. 315°.
C. 45° hoic 315°. D. - 45° +k360° ke Z.

Loi giai
Vi sd do cung AM bang 45° nén AOM =45°, N la diém d6i xtmg véi M qua truc Ox nén
AON =45°.
Do d6 s6 do cung AN bing 45° nén sb do cung lugng gidc AN ¢6 sd do 1a — 45° +k360°, k € Z
Trén dudng tron v6i diém gbc 1a A. Piém M thudc duong tron sao cho cung lugng gidc AM

6 s6 do 60°. Goi N 1a diém d6i xtng véi diém M qua truc Oy, sb do cung AN la:

A. 120°. B. — 240°.
C. —120° hodc 240°. D. 120° + k360°, ke Z.
Loi giai

Ta c6 AOM =60°, MON = 60°



Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

Nén AON =120°. Khi d6 s do cung AN bing 120°.

Trén dudng tron luong gidc voi diém gbc 1a A. Piém M thudc dudng tron sao cho cung luong
gidc AM ¢6 sb do 75°. Goi N la diém dbi xing v6i diém M qua gbc toa dd O, sé do cung
luong gidc AN bang:

A. 255°, B. —105°.
C. —105° hoic 255°. D. —105° +k360°, ke Z.
Loi giai

Tac6 AOM =75°, MON =180°
Nén cung lwong gidac AN c6 sb do bang —105° +k360°, k e Z.

. 5 25 19
Cho bon cung (trén mot dudng tron dinh hudng): o = —Fﬁ, p= % , V= Tﬂ, 0= Tﬁ Céac
cung nao ¢ diém cudi tring nhau?
Acagvapf,yvasds. B.pvay,avasd. C.a, B, y. D. B, y, 0.

Loi giai
Cach1:Tacd 0 —a=4n = haicung o va § c6 diém cudi trung nhau.
Va y— f=8r = haicung B va y c6 diém cudi trung nhau.
Cich 2 : Goi A, B, C, D la diém cudi cia cac cung «, B, 7, &
Biéu dién cac cung trén dudng tron luong giac ta co B=C, A=D.
Céc cip goc luong giac sau & trén cing mot duong tron don vi, cing tia ddu va tia cudi. Hiy néu
két qua sai trong cac két qua sau day:

35 152 155 281r
ALy -2 B. ~ va =% c. - Zw>>2  plwu .
3 3 10 5 3 3 7 7
Loi giai
Cip goc lugng gidc a va b & trén cing mot dudng tron don vi, cling tia dau va tia cudi. Khi do
a-b
a=b+k2r, kell hay k=——-.
2r
Trén dudng tron lwong gidc gbe A, cung luong gidc ndo co cac diém biéu dién tao thanh tam
giac déu?
k2 k k
A —E B. k. c. = D. =
3 2 3
Loi giai
k27r

Tam giac déu c6 goc & dinh 1a 60° nén goc & tam la 120° twong (mg =

Trén dudng tron lwong giac géc A, cung luong giac ndo ¢ cac diém biéu dién tao thanh hinh
vuong?

A XZ B. kr. c. Xr. p. X%
- 2 3 3
Loi gii
kz

Hinh vudng CDEF c6 géc DCE la 45° nén goc 6 tam la 90° twong ung TR

PHAN II. Cau tric nghiém dung sai. Trong mdi y a), b), ), d) & méi cau, thi sinh chon dlng hoac

sai.



Biéu dién goc luong giac trén dudng tron lwgng giac. Khi do:
Y

II I

III IV

a) 125'1a diém M thudc goc phan tu thi thi 11

b) 405 1a diém N thudc goc phan tu thi 111

1 . X
C) % la diém P thudc géc phan tu thir I1

1 ; \
d) —% la diéem Q thudc goc phan tu tha IV

Loi giai
a) Pling: Diém biéu dién ciia goc lwong giac c6 s6 do 125° 1a diém M thudc goc phan tu thir
thtr I ctia duong tron lugng gidc thod man AOM =125°
Yi

M
II T

125°

IIT A%

b) Sai: Ta c6: 405 =45 +360". Vi vay diém biéu dién ctia goc luong giac 405  la diém N
thudc goc phan tu thr | cia duong tron lugng giac va thoa man AON =45’

Yy

11 M




Cau 2:

: 1 1 A LA 1% L1
c) Sai: Ta co: % = 87[3+ d % +3.27 . Vi vay diém bicu dién cua goc lugng giac % la

-2 A . A , , \ \ cr o e T
diem P thudc goc phan tu thir | cua duong tron lugng gidc va thod man AOP = 3

Y\
P
I I
3 \a
-1 0 1z
r v
137 _ 127 -— Kz ox L .
d) Bung: Ta co6: — 67[ = Z 4 —% — 27 . Vivay diém bieu dien cta goc lugng giac

13 iy N .
—Tﬁ la diem Q thudc goc phan tu thir IV ctia duong tron lugng giac va thoa man AOQ = z

Yy

Biéu dién goc luong gidc trén dudng tron lrong gidc. Xét tinh dung sai cia cac khang dinh sau:
a) 36 +k360",k €] 1adiém M thudc goc phan tu thir 11
b) 60" +k180",k ] 14 cac diém M,, M, thudc goc phan tu thi 11 va IV

c) —%+k2ﬂ,keD & M thudc goc phan tu thi 111

d) —%Jrk%,k el 1abdndiém M,N,P,Q thu@cg(')cphéntuthl'r LI IV

Loi giai
e . ° 14 A o= ST Y\
a) Sai: Xét goc lwgng giac k360 , du k 13 s6 chan hay so 1€ thi
goc ndy ciing c6 diém biéu dién 1a diém A (diém gdc trén

duong tron luong giac). M
Vi vay, goc luong giac 36° +k360° co diém biéu dién 1a diém - > s6° i‘ -

M thudc goc phan tu thr | cta dudng tron luong gidc va
AOM =36".




b) Dung: Xét goc luong gide k180°. Néu k chén thi géc nay cé diém bicu dién 1a A(L0), néu

k 1¢ thi goc ndy c6 diém biéu dién 1a diem B(-10).

Vivay —60 +k180" c6 cac diém biéu dién 1a M, va M, nhu hinh v& bén.

M,

Y

My

c) Sai: Ta biét goc lugng gidc k27 ludn c6 diém bicu dién 1a A(1;0), vi vdy goc lugng gidc

—% +k27 c6 diém biéu dién 1a M thudc goc phan tu thi IV va thoa mdn AOM = %.

Y|

d) Bung: Xét goc lwong gidc k %

M

Khi k=0 thi k % =0, goc ndy c6 diém biéu dién 1a diém A(L;0).

Khi k =1 thi k % = % gbc ndy c6 diém bidu didn 1a diém C(0;1).



Cau 3:

Khi k=2 thi k % = 7 gbc ndy ¢6 diém bidu didn 1a diém B(-10).

Khi k=3 thi k % = 37” gbc ndy c6 diém biéu dién la diém D(0;-1).
Néu k =4,5,6,... thi ta thdy rang cac diém bicu dién c6 duoc van 1a sy lap lai cua A,B,C,D.
Vi vay diém biéu dién cua —% + k% 1a bon diém M,N,P,Q trén duong tron lugng giac (xem

hinh v€ trén).

Trong hinh v€ bén, ta xem hinh dnh duong tron trén mdt banh 1ai tau thuy tuong trng voi mot
duong tron lugng giac.

a) Cong thirc tong quat bicu dién goc lugng gidc (OA,OB) theo don vi radian:
r
(OA,OB) = " + k27r(k ell );

b) Cong thirc tong quét chi ra goc lwong giac twong tng véi bén diém biéu dién 1a A,C,E,G

theo don vi radian Ia k%(k )

¢) Cong thirc tong quat chi ra goc lwong giac tuong tng voi hai diém biéu didn 14 A E theo don
vido la k180°(k )

d) Cong thirc tong quat biéu dién goc lwong giac (OA, OC) + (OC,OH ) theo don vi radian:
s k2z(kel)
4
Loi giai
a) Dung: Ta c6: (OA,0OB) = % +k2r(kell);
b) Sai:Ta thay A,C,E,G lan luot biéu dién cho cic goc luong giac: Orad; %rad; zrad; 3?ﬂrad;

2rrad, 577zrad,...



Cau 4:

A, 2 s Lo , A A T oA A , A 1sA o 1:X
Tat ca cac goc nay theo thir tu chénh léch nhau ) rad. Vi vay cong thirc duy nhat biéu dién cho

cac goc luong giac ay 1a k%(k el).

¢) Pling: Ta thiy hai diém A, E lan luot biéu dién cho cac goc lugng giac 0°,180°,360°,540,..

Tat ca cac goc nay theo thir tr chénh 1éch nhau 180°. Vi vay cong thirc duy nhat biéu dién cho

céc goc lugng giac ay la k180°(k e[1).
d) Sai: Theo hé thuc Salo, ta co6:
(OA,0B)+(0B,0C) =(OA,0C) :%+ k2z(kell)

(OA,OC)+(OC,OH)=(OA,OH):—%+k27z(k el)

Biéu dién cac goc luong gidc co sb do sau day trén duong tron lwong giac. Khi do:
a) Diém biéu dién cua goc lugng gidc co sd do 218° 1a diém M thudc goc phan tu thir 11T cia

duong tron lugng gidc thod man AOM = 218°

b) Piém biéu dién cta goc lugng gidc c6 s6 do —405° 1a diém N thudc goc phan tu thir IV cua

duong tron luong gidc thoda man AON = —45°
.2 2 X ; ./ ;A 227 | Lz A . A , ,
c) biém biéu dién cua géc lugng giac c6 s6 do e la diém P thudc goc phan tu thr I ctua

duong tron lugng giac thoa man AOP =

ENGES

A LA X . ., 15 .2
d) biém bicu dien cua goc luong gidc co so do Tﬁ 1a diém Q(O; —1) thudc duong tron lugng

giac thoa man AOQ = —%

Loi giai

a) Pung: Diém biéu dién cta goc luong giac c6 sé do 218" 1a diém M thudc goc phan tu thir

III ctia duong tron luong gidc thod man AOM = 218°



—1

b) Sai: Ta c6: —405 =45 —360". Piém biéu dién cua goc lugng gidc co sé do —405 14 diém
N thudc goc phan tu thir IV ctiia dudng tron lugng giac thoa man AON = 45°

Y

p—

2 24 . L s . 2
o7 AT % + 67 . Biém bicu dieén ctia goc lugng giac c6 s6 do % la

¢) bung: Ta co:

4
diém P thudc goc phan tu thir I cua duong tron lwong giac thoa man AOP = z
Yi
1
P
—1 A
T
-1
: 157 167 - 2 LA X . ., 15

d) Sai: Ta co: Tﬁ = 7[2 T —%+87r. Diém bicu dién cua goc lugng giac co so do 77[ la

diém Q(0;-1) thudc dudng tron lwong gidc thoa min AOQ = %

Cau5:  Cho mit goc lugng gide (Ox,0u) c6 sd do 250° va mdt goc lugng gide (Ox,0v) c6 s6 do
—270°.



a) S6 do goc lugng gidc (Ou,Ox) bang —250°+k360°, k [ .
b) S6 do goc lugng gide (Ov,Ox) bang 270°+k360°, k el .

c) S do mdt goc luong gide (Ou,Ov) bing —20°.
d) S6 do modt goc luong gise (Ou,Ov) theo don vi radian bang %

Loi giai
a) Bung: sd( Ou,0x) = — sd(Ox,0u) =-250°+k360°, k €[] .
b) Biing: sd(Ov,Ox) = — sd(Ov,0x) =270°+k360°, k €[] .

) Sai: sd (Ou,0v) =sd (Ou,Ox) +sd(Ox,0v) + k360° = —250° — 270° + k360°
— -520°+k360° =—160°+m360° (k e[,me(l,m=k —1).
S6 do mot goc lugng gide (Ou,Ov) bang —160°.

, . -8
d) Sai: S6 do mét goc lwong gidc (Ou,Ov) theo don vi radian bang —160& = Tﬂ

PHAN IIl. Cau tric nghiém tra 1&i ngan

Cau 1:

Cau 3:

Trén duong tron luong giac vé diém gbc 14 A. Piém M thudc dudng tron sao cho cung lwong
gidc AM ¢6 s6 do 75°. Goi N la diém d6i xtng véi diém M qua gbc toa d6 O, s6 do cung
luong giac AN bang bao nhiéu ?

Loi giai

Ta co AOM =75, MON =180° nén cung luong gidc AN c6 sd do bang

AN =-105° +k360°, k e Z .

Biét mot so do cuia goc (Ox, Oy) = ?ﬂ +20017 . Gié tri tong quat ciia goc (Ox, Oy) 1a bao nhiéu
Loi gidi

Tac6 : (Ox, Oy)= 37”+ 20017 = % +20027 :%+ k2.

Biét OMB’ va ONB' 14 cac tam giac déu. Cung o c6 mit dau 1a A va mat cudi tring véi B
hodc M hodc N . Tinh s do cua o ?
Loi giai
Yy

M,




Cau 4:

Cau 5:

fo s A 14 N Ko oo+ rs A T
Cung o coémut daula A va mat cuoi trung véi Bnén o = rh

Cung AM = AB +2?”, AN = AM +2?” nén chu ki ciia cung o 1a %”
Trén dudng tron luong giac ¢ diém goc la A. Piém M thudc dudng tron sao cho cung luong gidc
AM ¢6 s6 do 45°. Goi N 1a diém d6i xtimg véi M qua truc Ox , s6 do cung lwong gidc AN bang
bao nhiéu?

Loi giai

Y

A
Visd do cung AM AM bang 45° nén AOM =45°, N 1a diém ddi xting v6i M qua truc Ox
OX nén AON =45°.

Do d6 s6 do cung AN bang 45° nén sé do cung luong gidac AN c6 sb do 1a —45° +k360°,k el

. . 63 . . .
Néu goc lugng gidc co sd (0x,0z) = —7ﬂ thi Ox va Oz tao v&i nhau mdt goc bang bao nhiéu
do?

Loi giai
. 637 T . . . . . A .. nr
Ta co 5 =-327 + 9 vivay Ox va Oz vuong goc nén tao vdi nhau mot goc 90°

Cho hai goc lugng gidc ¢6 sd(Ox,0u) =45 +m360°,me Z va sd
(Ox,0v)=-135"+n360°,ne Z.
Hai tia Ou va Ov hop v&i nhau mot goc bang bao nhicu do?
Loi giai
Sd(Ou,0v) =45 +135°+(m—n)360° =180°+1360°1 €] suy ra 2 tia Ou va Ov d6i nhau

nén tao voi nhau mot goc bang 180°.




